We use coarse-grained Monte Carlo simulations to study the elastic properties of charged membranes in solutions of monovalent and pentavalent counterions. The simulation results of the two cases reveal trends opposite to each other. The bending rigidity and projected area increase with the membrane charge density for monovalent counterions, while they decrease for the pentavalent ions. These observations can be related to the counterion screening of the lipid charges. While the monovalent counterions only weakly screen the Coulomb interactions, which implies a repulsive Coulomb system, the multivalent counterions condense on the membrane and, through spatial charge correlations, make the effective interactions due the charged lipids attractive. The differences in the elastic properties of the charged membranes in monovalent and multivalent counterion solutions are reflected in the mechanisms leading to their mechanical instability at high charge densities. In the former case, the membranes develop pores to relieve the electrostatic tensile stresses, while in the latter case, the membrane exhibit large wavelength bending instability.
Lipid bilayers are fundamental to all living cells and participate in diverse biological processes [1] . Their elasticity is traditionally treated withing the framework of the Helfrich effective Hamiltonian relating the elastic energy density (per unit area dS) of a thin sheet to the local principle curvatures c 1 and c 2 [2] :
where γ, κ, and κ G denote the surface tension, bending rigidity, and saddle-splay modulus, respectively, and c 0 is the spontaneous curvature. The elastic moduli appearing in Eq. (1) are primarily governed by the short-range intermolecular forces between the lipids [3] . Biological membranes, however, are often charged and suspended in ionic solutions, and the long-range electrostatic interactions are expected to contribute to κ and κ G . Solutions of the Poisson-Boltzmann (PB) equation for spherical, cylindrical, and sinusoidal geometries suggest that κ increases with the surface charge density [4] . This trend of increase in κ, predicted by the mean field theory, holds true for both weak and strong electrolytes, irrespective of the degree of electric coupling due the two monolayers. Going beyond mean field, by considering charge density fluctuations and their spatial correlations, has led to several opposing predictions that κ may be reduced in the presence of charges [5] [6] [7] [8] . Spatial charge correlations effects (which are missing in the mean field description) become significant when bilayer membranes are suspended in solutions with multivalent counterions [9, 10] . The phenomenon most associated with these effects is the attraction between similarly charged objects [11] [12] [13] , which is found in many biological systems, e.g., in cell-cell adhesion and DNA condensation. The reduction in κ of bilayer membranes is a less commonly recognized phenomenon involving both charge-charge and height-charge correlations. The details of this effect are not fully understood, but it is generally believed to be small and, thus, hard to measure experimentally. Also, the attractive electrostatic interactions between multivalent counterions, which presumably lead to a decrease in κ, may be overshadowed by other intermolecular interactions, especially when screened by added salt. It has, in fact, been suggested [5, 8] that when the Debye screening length falls below the typical spacing between the multivalent counterions, the change in κ becomes positive rather than negative (as predicted by mean field theory). Here, we approach this topic through computer simulations of fluctuating bilayers, which allow us to explore the effect in the absence of added salt and other influences. Our results support the picture that spatial correlation in the charge density due to the presence of highly multivalent counterions tend to soften membranes and reduce their bending rigidity.
To the best of knowledge, this is the first simulation study to report this phenomenon, with the exception of the work of Fleck and Netz [14] who investigated the enhancement of short wavelength protrusion modes (to be distinguished from the long wavelength bending modes discussed here) due to electrostatic repulsion between the membrane charges. 
h ( r i ) e i q· r , where the sum runs over a set of (L/l) 2 grid points at which h(r) is evaluated (with l being a microscopic cutoff length of the order of the width of the bilayer), and q = (2π/L) (n x , n y ) is the wavevector with n x,y = −L/l, . . . − 1, 0, 1, . . . L/l, the Hamiltonian decouples into a sum of independent harmonic oscillators. Applying the equipartition theorem to each Fourier mode, one finds that
where k B is Boltzmann constant and T is the temperatrue. The accuracy of Eq. (2) has been demonstrated in numerous atomistic and coarse-grained (CG) bilayer simulations (see, e.g., [15] [16] [17] [18] ). Because this result is based on a quadratic approximation of Eq. (1), it is strictly valid only for moderately fluctuating surfaces; i.e., for
Here we demonstrate that charged membranes in solutions of pentavalent counterions exhibit strong thermal height fluctuations, and tend to develop long wavelength bending instabilities. Membrane in solutions of monovalent counterions do not exhibit this type of behavior, but rather become mechanically unstable through a surface tension type mechanism.
To allow for simulations of relatively large membranes, we use Deserno's implicit-solvent model [19] , where each lipid is represented as a trimer consisting of one hydrophilic (head) and two hydrophobic (tail) beads of size σ. We set the parameters of the hydrophobic pair potential to ǫ = 1.05k B T (potential depth) and w c = 1.35σ (potential range). This choice yields remarkably soft membranes with bending rigidity κ ≃ 8k B T , which is an essential property for this study since the electrostatic contribution to κ is expected to be small and difficult to measure (|δκ| ≃ k B T ). We convert a fraction φ of the neutral lipids to anionic lipids by introducing a charge of size −e at the center of their head beads. The negative charges of the lipids are neutralized by either monovalent or pentavalent counterions, with no added salt. In physical units σ ≃ 6.5Å, corresponding to a bilayer of thickness 2 × 3σ ∼ 4 nm. Setting the temperature to 300K implies that the Bjerrum length l B ≃ 7.1Å ≃ 1.1σ. The short-range repulsive potential between ions and beads is given by the same form as the bead-bead repulsive potential in Deserno's model (see Eq. (1) in Ref. [19] ) with b ion−head = 0.5σ and b ion−tail = 1.5σ. This choice of parameters allows the ions to approach the surface of the head beads, while excluding them from the hydrophobic core of the bilayer. Electrostatic interactions are computed using Lekner summations [20] . We neglect dielectric discontinuities (i.e., image charges) and assume that all the electrostatic interactions take place in a medium with uniform dielectric constant ǫ = 80 [21] . The membranes are simulated at zero surface tension using the method described in Ref. [22] for fixed-tension implicit-solvent bilayer simulations. Initially, we place a flat membrane with N/2 = 1000 lipids per monolayer in the middle of the simulation box, with the counterions distributed evenly above and below the membrane. The system is allowed to equilibrate for 10 5 Monte Carlo (MC) time units, where each time unit τ consists of move attempts to translate and rotate the lipids, ions displacements, and changes in the cross-sectional area of the system. To accelerate the relaxation of the long-wavelength Fourier modes, we also perform a few "mode excitation" moves per τ [23] . After initial thermalization, the systems are simulated for additional 1.8 × 10 6 τ , and the quantities of interest are sampled every 50τ . Equilibrium configurations of membranes with charge density φ = 0.08 in solutions of monovalent and pentavalent counterions are displayed in
Figs. 1(a) and (b), respectively. In the latter case, the ions tend to condense on the membrane, forming a thin Gouy-Chapmann "double layer" [9, 10] . The dashed line denotes the value of κ for a neutral membrane (φ = 0). We note that the error bars on our measurements of κ are quite large, reflecting not only the difficulty in obtaining good statistics for the spectral intensity of the thermal undulations, but also uncertainties in fitting the data to the functional form of Eq. (2).
Therefore, it is impossible to draw quantitative conclusions from the data regarding the variations of κ with φ.
Nevertheless, the data in Fig. 2(b) clearly supports the picture that the bending modulus of charged membranes increases from its value for φ = 0 when the counterions are monovalent. This observation is consistent with the PB theory, although it should be acknowledged that previous theoretical calculations of δκ were done for systems with extra salt and for stationary (non-undulating) membranes [4] .
The PB theory is expected to break down when the so called dimensionless coupling parameter Ξ = 2πZ 3 l 2 B φ/a 0 (where a 0 is the area per lipid and Z denotes the valance of the counterions) becomes much larger than unity.
Given the strong dependence of Ξ on Z, it is not surprising that simulations with pentavalent counterions reveal a very different trend of reduction in κ due to electrostatic effects. As in the case of monovelent counterions, the large error bars preclude quantitative analysis of the variation of κ with φ. The observation that the bending modulus is reduced when the membrane is charged and suspended in multivalent counterions solution agrees with previous theoretical studies. The fact that the magnitude of the negative electrostatic contribution to κ is fairly small ( 1k B T ) is also in general agreement with existing theoretical calculations. As discussed at the introduction, the negative electrostatic contribution to κ in pentavalent counterions solutions has been attributed to the attraction due to spatial charge correlations in the double layer, which allows the membrane to bend more easily [8] .
The picture emerging from energy is given by F PB = −ck B T φN (a − a * )/a * , where c is a numerical prefactor and the minus sign accounts for the fact that F PB is repulsive. Adding F PB to the elastic energy of the uncharged membrane, yields the following expression for the elastic energy per lipid
where K A is the area stretch modulus. This free energy attains a minimum at the area per lipid:
which grows linearly with φ as depicted in Fig. 3 .
Interestingly, both experiments [24] and atomistic simulations [25] found the area of monovalently charged phosphatidylserine (PS) lipids to be smaller than the area of their neutral phosphattidylcholine (PC) analogs.
This counterintuitive result was primarily attributed to the formation of transient intra-molecular hydrogen bonds between the amyne and carboxylate groups of the PS headgroup. Our CG model allows us to "turn off" the hydrogen bonding effect and "isolate" the Coulombic contribution, which turns out to be repulsive in monovalent systems. In our CG simulations, the repulsive electrostatic interactions are balanced by relatively soft hydrophobic interactions. Because of the weakness of these attractive interactions, we observe that for φ > 0.16, the areal strain in the monovalent counterion simulations exceeds the rupture strain of the bilayer membrane, leading to the formation of membrane pores, as demonstrated in Fig. 4 . The rupture value of φ could be increased by including hydrogen bonding in our CG model or, alternatively, by strengthening the hydrophobic interactions, but this will also lead to an undesirable increase in κ. Real PS bilayers have κ ∼ 20 − 50k B T which is several times larger than of the membrane simulated here. Assuming a linear relationship between the area stretch modulus K A and bending rigidity κ: To conclude, we investigated the elastic properties of charged membranes in contact with counterion solutions.
The cases of monovalent and multivalent (with Z = 5) counterions exhibit distinctly different behaviors. In the former, both the bending rigidity and the equilibrium projected area increase with the membrane charge density. 
